A study memo on triangularisability of matricies

1 Triangularisability of matricies

Proposition 1.1. Let
(S1) m € NU [2,00)

(A1) f1,..., fm don’t have common divisor.

then there are hq, ..., hy, € C[X] such that
Yl hifi=1 (1)

Case when m = 2. When X7 deg(fi) = 0, deg(f1) = deg(f2) = 1. In this
case, the the claim in this Proposition holds. We assume the claim in this
Proposition holds when X7, deg(f;) < K. We can assume deg(f1) > 0 There is
q,r € C[X] such that f; = qf2 +r and deg(r) < deg(f1) By the assumption of
our mathematical induction, there are hy, ho € C[X] such that hir + hofo = 1.
Because 7 = qfs — fi, —h1fi + (¢ + ha2) fo = 1. O
Case when m > 2. We assume the claim in this Proposition holds when m = K.
Let us set ¢ is a maximum diviser of fi,..., fx and g¢; := ﬁ (i=12.,K).

K3
Clearly, g1, ..., gm don’t have common divisor and fx; and ¢ don’t have com-
mon divisor. By the assumption of mathematical induction,
there are hq,...,hg,hit1,s € C[X] such that

2K higi =1 (2)

and
sq+hriifrs1 =1 (3)

Then ©X | h; f; = q. Consequently,

S shifi + hiyrfrpr =1 (4)

Proposition 1.2. Let
(S1) Ae M(n,C)



then the followings hold.
(i) There is P € GL(n,C) and ay,...,ax € C such that

ap * * 0

aq
PlAP = (5)

Oy X *

0 .

(i1) If a; # o (for any i # j), A is diagonalizable.

STEP1. Ezistence of the minimal polynomial of A. Because E, A, A%, ..., A" are
linearly dependent, there are ag, as, ..., a, such that

57 a Al =0 (6)

So there is a ¢4 € C[X] such that
deg(pa) = min{deg(p)|p € C[X] and ¢(A) = 0} (7)
O

STEP2. Decomposition of C™ into generalized eigenspaces. By fundamental the-
orem of algebra, there are distinct aq,...,ax € C

pa(e) =1L, (2 — o)™ (8)
We set f; € C[X] by fi(x) := m (1 =1,2,...,K). By Proposition(),

then there are hy, ..., by, € C[X] such that
SiSihi(A) fi(A) = B 9)

We set W, ; = {z € C"|(A— ;E)lz =0} and W; := W, ,,, (j =1,2,...,m;)
For any = € C", x = XX  h;(A) fi(A)z. For each i, h;(A)fi(A)z € W;. So

cr =K, w; (10)
0

STEP3. W, ;N W, ={0} (i #j). We assume k = = 1. Let us fix arbitary
x € W1 N Wj1. Because 0 = Az — Az = oo — az = (0 — o)z, © = 0.
So W;1NW,1 = {0} (i # j). Nextly we assume if k +1 < K then W, ; N
Wi = {0} (i # j). Let us fix arbitary 4, j, %k, such that ¢ # j. Let us fix



arbitary xo € Wi, N W,;. We set s : C" 3 o — [z] € C"/W;,. Because
AWi 1 C Wha, A: C" /Wy 1 3 [z] — [Az] € C* /W ; is well-definied and linear.
We set W;k = fls(Wzk) and Wi,l = fls(WN) We can assume k > 1. Clearly
Wik C {[z] € Wix|(A—a;)*[z] = 0}. So by the assumption of mathematical
induction, VV;;c N Wj,l = {0}. This implies that W; ; N W;; C W ;. Similarly,
Wi,k N Wj}l C Wj)l. So Wi,k N Wj,l C Wi,l n Wj71 = {0} O

STEP4. SK W, = oK W,. By STEP3, 22| W, = @2, W;. We assume if K <
Ky then EililWi = EBZ-K:1W1-. We will show if K = Ky + 1 then E{ilwi =
@K | W;. By the assumption of mathematicalinduction,

SO Wi /Wiy = Sy Wi/ Wiey11 (11)

Let us fix arbitary w; € W; (i = 1,2,..., Ky + 1) such that Efi"lﬂwi = 0. By
(11), w; € W; N WK0+1 (l =1, ...,Ko). By S’I‘]'__‘IPS7 w; =0 (Z = ].,...,Ko). So
WK — 0. O

STEPS. Basis of W;. Let us fix i. We pick up wi 1,w1,2,...,w1,,, which is a
basis of the eigenspace W; 1 corresponding to ;. We set s1: W; 5 w — [w] €
Wi/WiJ. Because AWZ'J C Wi,la if we set A; : Wi/WiJ = [w] — [A’LU] S
W;/W; 1 then A; is well-defined and linear. We denote Vi by the eigenspace of
A; correspondig to «;. Clearly sfl(Vl) = W, 2. So there are wy n,41,...s Wi ny
such that s1(w1,m,+1)s - S1(W1,n,) is & basis of V3. Clearly w1, w12, ..., W1 n,
is a basis of W, 5. Aw; — aw; € W 1.
Similarly, we can take w; 1,..., Winy s oos Wing, --., Win,, such that

i
Wity oo, Wing s ooy Wings oo, Wi, 18 a basis of W; and Aw; — aqw; € Wyp (i =
1,2,...., K—1,n, <i<mngsy1). So the representation matrix of A|W; is an upper
triangular matrix if w; 1, ..., Wi ny s ooy Wings -y Wi m,; 1S & basis of W. O

STEP6. Showing (i). By STEP4, {w;;}(i=1,. K j=1,2,. dim(w;)} i a basis of
C". Clearly the representation matrix of A is an upper triangular matrix if

{wi,j}{i:l,H.,K,j:1,2,.‘,dim(Wi)} is a basis of C". O
STEPG6. Showing (%). (i) implies (ii). O
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