
A study memo on skewness and kurtosis

1 Skewness

Definition 1.1 (Skewness). Let

(S1) µ ∈ P(R).
(A1) ν := E[µ] and σ2 := V [µ] exist.

Let us call E[
(x− ν)3

σ3
] be the skewness of µ.

Proposition 1.1. Let

(S1) f is a probability density function on R.
(A1) f(x) = f(−x) a.e x > 0.

(A2)
∫
R |x|if(x)dx < ∞ (i = 1, 2).

(A3)
∫
R xf(x)dx = 0.

Then the skewness of the distribution from f is zero.

Proof. We denote S by the skewness of the distribution from f .

S =

∫
R
x3f(x)dx

=

∫ ∞

0

x3f(x)dx+

∫ 0

−∞
x3f(x)dx

=

∫ ∞

0

x3f(x)dx+

∫ 0

∞
(−y)3f(−y)(−1)dy

=

∫ ∞

0

x3f(x)dx−
∫ ∞

0

y3f(y)dy

= 0 (1)

Proposition 1.2. Let

(S1) f is a probability density function on R.
(A1)

∫
R |x|if(x)dx < ∞ (i = 1, 2, 3).
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(S2) d > 0.

(A2) For any ϵ > 0, there is A,B, a, b ∈ R such that 1 < A < B
and 0 ≤ a < b and b ≤ A and (b − a) ≤ (B − A) and
1

b−a

∫ b

a
xf(−x)dx ≤ 1

B−A

∫ B

A
xf(x)dx and (A2−1)

∫ B

A
xf(−x)dx−

(b2−1)
∫ b

a
xf(−x)dx ≥ d and |

∫∞
0

xif(x)dx−
∫ B

A
xif(x)dx| < ϵ

and |
∫∞
0

xif(−x)dx−
∫ b

a
xif(x)dx| < ϵ (i = 1, 3).

(S3) We denote the skewness of the distribution from f by S.

Then S ≥ d.

Proof.∫ ∞

0

x3f(−x)dx ≤
∫ b

a

x3f(−x)dx+ ϵ

≤
∫ b

a

x3f(−x)dx−
∫ b

a

xf(−x)dx+

∫ b

a

xf(−x)dx+ ϵ

≤
∫ b

a

(x2 − 1)xf(−x)dx+

∫ b

a

xf(−x)dx+ ϵ

≤ (b2 − 1)

∫ b

a

xf(−x)dx+

∫ ∞

0

xf(−x)dx+ 2ϵ

≤ (A2 − 1)

∫ B

A

xf(−x)dx− d+

∫ ∞

0

xf(−x)dx+ 2ϵ

≤ A2

∫ B

A

xf(x)dx− d−
∫ B

A

xf(−x)dx+

∫ ∞

0

xf(x)dx+ 2ϵ

≤ A2

∫ B

A

xf(x)dx− d−
∫ ∞

0

xf(−x)dx+

∫ ∞

0

xf(x)dx+ 3ϵ

≤
∫ B

A

x3f(x)dx− d+ 3ϵ

≤
∫ ∞

0

x3f(x)dx− d+ 4ϵ (2)

So S ≥ d.

2 Kurtosis

Definition 2.1 (Kurtosis). Let

(S1) µ ∈ P(R).
(A1) ν := E[µ] and σ2 := V [µ] exist.

Let us call E[
(x− ν)4

σ4
]− 3 be the kurtosis of µ and denote it by Kurt(µ).
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Proposition 2.1. The kurtosis of N(µ, σ) is 0.

Proof. Let us denote by Cσ :=
1

σ
√
2π

.

EN(µ,σ)[(x− µ)4] = Cσ

∫ ∞

−∞
(x− µ)4exp(−1

2
(
x− µ

σ
)2)dx

= Cσ

∫ ∞

−∞
(x− µ)4exp(−1

2
(
x− µ

σ
)2)dx

= Cσ

∫ ∞

−∞
−σ2(x− µ)3{exp(−1

2
(
x− µ

σ
)2)}′dx

= 3Cσ

∫ ∞

−∞
−σ2(x− µ)2exp(−1

2
(
x− µ

σ
)2)dx

= 3σ4 (3)

Proposition 2.2. For τ > 0 let us denote kurtosis of hτ := 1
2τ χ[−τ,τ ] by k(hτ ).

Then lim
τ→0

k(hτ ) = ∞ and lim
τ→∞

k(hτ ) = −3.

Proof. Because E[xf ] = 0,

k(hτ ) + 3 =
E[x4hτ ]

(E[x2hτ ])2
(4)

The followings hold.

E[x4hτ ] =
2

5
τ5 (5)

and

E[x2hτ ] =
2

3
τ3 (6)

So there is constant C > 0

k(hτ ) + 3 ∼ C
τ5

(τ3)2
= C

1

τ
(τ → 0 or τ → ∞) (7)

Proposition 2.3. We set for ϵ > 0 and δ > 0

fϵ,δ(x) =



1

x(5+δ)
if |x| > 1,

1

ϵ
(
1

2
− 1

4 + δ
) if |x| ≤ ϵ

0 otherwise

(8)

Then fϵ,δ is a probability density function. Let us denote the kurtosis of fϵ,δ by
k(fδ). Then the followings hold.
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(i) Then for any ϵ > 0 lim
δ→0

k(fϵ,δ) = ∞.

(ii) For any δ > 0 lim
ϵ→0

k(fϵ,δ) = ∞.

Proof. Because ∫ ∞

1

1

x(5+δ)
dx =

1

4 + δ
(9)

fϵ,δ is a probability density function.
Because E[xfϵ,δ] = 0,

k(fϵ,δ) + 3 =
E[x4fϵ,δ]

(E[x2fϵ,δ])2
(10)

The followings holds.

E[x2fϵ,δ] = 2(

∫ ϵ

0

x2fϵ,δ(x)dx+

∫ ∞

1

x2fϵ,δ(x)dx)

= 2(
ϵ3

3
(
1

2
− 1

4 + δ
) +

∫ ∞

1

1

x(3+δ)
dx)

= 2(
ϵ3

3
(
1

2
− 1

4 + δ
) +

1

(2 + δ)
)) (11)

E[x4fϵ,δ] = 2(

∫ ϵ

0

x4fϵ,δ(x)dx+

∫ ∞

1

x4fϵ,δ(x)dx)

= 2(
ϵ5

3
(
1

2
− 1

4 + δ
) +

∫ ∞

1

1

x(1+δ)
dx)

= 2(
ϵ5

3
(
1

2
− 1

4 + δ
) +

1

δ
)) (12)

So, if we fix δ then there is constant C > 0

k(fϵ,δ) + 3 ∼ C
ϵ5

(ϵ3)2
= C

1

ϵ
(ϵ → 0) (13)

and if we fix ϵ then there is constant C > 0

k(fϵ,δ) + 3 ∼ C
1

δ
(δ → 0) (14)

Then (i) and (ii) hold.
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