A study memo on skewness and kurtosis

1 Skewness

Definition 1.1 (Skewness). Let
(S1) pe ZR).
(A1) v := E[u] and 0® := V[u] exist.
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Let us call E| | be the skewness of p.
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Proposition 1.1. Let

(S1) f is a probability density function on R.
(A1) f(x) = f(—x) a.e x > 0.

(A2) [ |z|"f(z)dz < oo (i=1,2).

(A3) [ xf(z)dz = 0.

Then the skewness of the distribution from f is zero.

Proof. We denote S by the skewness of the distribution from f.
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Proposition 1.2. Let

(S1) f is a probability density function on R.
(A1) [ |z|"f(x)de < oo (i =1,2,3).



(52) d > 0.

(A2) For any € > 0, there is A,B,a,b € R such that 1 < A < B
and 0 < a < bandb < A and (b—a) < (B—A) and

= f; of(—z)de < 515 ff xf(z)dz and (A1) ff rf(—z)dz—
(b2 —1) ff af(—z)dz > d and | [;° xif(a:)dxfff zf(z)dz] < €
and | [ &' f(—x)dx — f; 2if(z)dz| <e (i=1,3).
(58) We denote the skewness of the distribution from f by S.
Then S > d.

Proof.
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So § > d. O

2 Kurtosis
Definition 2.1 (Kurtosis). Let

(S1) pe R).

(A1) v := E[u] and 02 := V[u] exist.
4

(x —v)
4

Let us call E| | — 3 be the kurtosis of p and denote it by Kurt(p).
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Proposition 2.1. The kurtosis of N(u, o) is 0.
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Proof. Let us denote by C, := ——.
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Proposition 2.2. For 7 > 0 let us denote kurtosis of h, := %

Then lim k(h,) = co and lim k(h,;) = —3.
T—0 T—00

Proof. Because E[zf] =0,

E[z*h,]
k(h- =
o) 43 = B, 2
The followings hold.
E[z*h,.] = Z7°
and
E[z*h,] = =73

So there is constant C > 0
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k(h:)+3~C =C- (1= 0o0r 7— )
T

Proposition 2.3. We set fore >0 and 6 >0

1 .
NG if o[ > 1,
fes(@)=911 1
S(=——) iflzl <
- ry) Thlse
0 otherwise

(3)
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X[—7,7] by k(h‘r)

(8)

Then fcs is a probability density function. Let us denote the kurtosis of fc5 by

k(fs). Then the followings hold.



(i) Then for any € >0 ;imo k(fe,5) = 00.
—
(ii) For any 6 >0 lir% k(fes) = o0.
e—

Proof. Because

< 1
/1 e LA )

fe,s is a probability density function.
Because Elzfes] =0,

E[$4fe,5]

k(fes)+3=—5" 10
The followings holds.
E[xzfev,;] = 2(/ :sze’(;(a?)der/ xzfe,g(x)d:v)
0 1
e 1 1 > 1
= 2569 e
e 1 1 1
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Ge 79 ere) (1
Elr'fs] = 2 / oM s(2)de + / 2 f, () de)
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= 253G -1 +/1 25 %)
e 1 1 1
= 2(§(§ - m) + 5)) (12)
So, if we fix § then there is constant C > 0
b 1
E(fes)+ 3~ C(€3)2 = CE (e = 0) (13)
and if we fix € then there is constant C' > 0
1
k(fes) +3~C5 (6 =0) (14)
Then (i) and (ii) hold. O
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