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1 Chi-squared test for categorical data

Proposition 1.1. Let

(S1) (Ω,F ,P) is a probability space.

(S2) {Xi}∞i=1 is a sequence of N -dimensional vectors of random vari-
ables on (Ω,F ,P).

(A1) {Xi}∞i=1 distribution converges to N(0, EN ).

then {|Xi|2}∞i=1 distribution converges to χ2(N).

Proof. Let us fix arbitary a > 0.
Let λ be theN -dimensional Lebesugue’s measure. By (A1) and λ(∂B(X,

√
a)) =

0,

µ({|Xi|2 ≤ a}) = µ({Xi ∈ B(X,
√
a)})

→ N(0, EN )(B(X,
√
a)) (i → ∞) (1)

By the definition of chi-squared distribution with degree of free N ,

N(0, EN )(B(X, a)) = χ2(N)([0, a]) (2)

So {|Xi|2}∞i=1 distribution converges to χ2(N).

Theorem 1.1. Let

(S1) (Ω,F ,P) is a probability space.

(S2) {Xi}∞i=1 is a sequence of K-dimensional vectors of random vari-
ables on (Ω,F ,P).

(S3) {πk}Kk=1 ⊂ (0, 1) such that ΣK
k=1πk = 1.

(A1) P ({Xi,k = 1}) = 1 (∀i,∀k).
(A2) For any k, l such that k ̸= l, {Xi,k = 1} ∪ {Xi,l = 1} = ϕ (∀i).
(S4) On,k := Σn

i=1Xi,k (n ∈ N, k ∈ N).
(S5) En,k := nπk (n ∈ N, k ∈ N).

then

Q(n) := ΣK
k=1

(On,k − En,k)
2

nπi
(3)

distribution converges to χ2(K − 1).

Proof. We set
Yn,k :=

√
n(X̄k − πk) (n ∈ N, k ∈ N) (4)

Then
Yn,K := −ΣK−1

k=1 Yn,k (∀n) (5)

and
On,k − En,k =

√
nYn,k (n ∈ N, k ∈ N) (6)

2



Yn := (Yn,1, ..., Yn,K−1)
T (7)

If we set A := {ai,j}i,j=1,...,K−1 by

ai,j =

{
1
πi

+ 1
πK

if (i = j),
1

πK
if (i ̸= j),

(8)

So
Q(n) = Y T

n AYn (n ∈ N) (9)

and A is a nonnogetive definite symmetric matrix.
We set (K−1)-by-(K−1) matrix Σ := {σi,j}i,j=1,...,K−1 by σi,j = cov(X1,i, X1,j).

Then

σi,j =

{
πi(1− πi) if (i = j),

−πiπj if (i ̸= j),
(10)

and
σi,j = cov(Xn,i, Xn,j) (∀n, ∀i, ∀j) (11)

By Proposition1.2, Σ is positive definite symmetric matrix.
By the central limit theomre(see [3]), Yn

∞
n=1 distribution converges toN(0,Σ).

By Proposition1.1, {Q(n)}∞n=1distribution converges to χ2(K − 1).

Proposition 1.2. Let A and B be matrixies in the proof oh Theorem1.1. Then
A−1 = Σ

Proof. For any i ∈ {1, 2, ...,K − 1}

(AΣ)i,i = ai,iσi,i +Σk ̸=iai,kσk,i

= (
1

πi
+

1

πK
)πi(1− πi) + Σk ̸=i

1

πK
(−πiπj)

= (1− πi) + πi
(1− πi)− Σk ̸=iπk

πK

= 1 (12)

For any i ∈ {1, 2, ...,K − 1} and any j ∈ {1, 2, ...,K − 1} such that i ̸= j,

(AΣ)i,j = ai,iσi,j + ai,jσj,j +Σk ̸=i,jai,kσk,i

= (
1

πi
+

1

πK
)(−πiπj) +

1

πK
πj(1− πj) + Σk ̸=i,j

1

πK
(−πkπj)

= (−πj −
πj

πK
πi) + (

πj

πK
− πj

πK
πj)−

πj

πK
Σk ̸=i,jπk

= −πj +
πj

πK
− πj

πK
(1− πK)

= 0 (13)
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