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1 Chi-squared test for categorical data

Proposition 1.1. Let

(51) (Q,.%,P) is a probability space.

(52) {X;}32, is a sequence of N-dimensional vectors of random vari-
ables on (0, #, P).

(A1) {X;}52, distribution converges to N(0,Ey).

then {|X;|?}52, distribution converges to x*(N).

Proof. Let us fix arbitary a > 0.
Let A be the N-dimensional Lebesugue’s measure. By (A1) and A(0B(X, /a)) =
0,

p{IXil* <a}) = u({Xi€ B(X,va)})

—  N(0,En)(B(X,Va)) (i = o0) (1)
By the definition of chi-squared distribution with degree of free IV,
N(0, En)(B(X, a)) = x*(N)([0,a]) (2)
So {|X;|?}22, distribution converges to x2(N). O
Theorem 1.1. Let
(S1) (R, 7, P) is a probability space.

(52) {X;}22, is a sequence of K -dimensional vectors of random vari-
ables on (2, F, P).

(S3) {mi Y € (0,1) such that XK m, = 1.

(A1) P{X;r=1}) =1 (Vi,Vk).

(A2) For any k,l such that k #1, {X;, =1} U{X,;; =1} = ¢ (V).
(S4) Opg :=3" X,k (n €N,k €N).

(S5) Eny:=nm, (n € NJk e N).

then

On k — En k)2
= xfe, Ot = Bn)” 3
Q) := oL, 3)
distribution converges to x*(K — 1).
Proof. We set -

Yk = V(X — m) (n € N,k € N) (4)
Then

Yo i = =20 'V (Vn) (5)

and

Onk_En,k = \/ﬁYn,k (ﬂ EN7k EN) (6)

s



Y, = Yo, Yn,K71)T (7)
If we set A:={a;;}ij=1,. . K-1 Dby

A+ =),
So
Q(n) =Yl AY, (n e N) 9)

and A is a nonnogetive definite symmetric matrix.
We set (K —1)-by-(K —1) matrix ¥ := {0y ; }4 j=1

.....

Then
i(1—m) if (¢ =7),
oy = T —m) A=) (10)
— T if (i # j),
and
O'Lj = CO’[)(Xn71',Xn7j) (VH,VZ,VJ) (].].)

By Propositionl.2, ¥ is positive definite symmetric matrix.
By the central limit theomre(see [3]), Y;,oo; distribution converges to N (0, X).
By Propositionl.1, {Q(n)}5 distribution converges to x?(K — 1).

O

Proposition 1.2. Let A and B be matrizies in the proof oh Theoreml1.1. Then
ATl =%

Proof. For any i € {1,2,..., K — 1}

(AX)ii = @404 + Xk2iQi Ok,
— (4 )m - ) + S (i)
= T K Uy T4 k#i K T4

(1 — 7Tz') — Zk?giﬂ'k
TK

= (1—7T¢)+7Ti
=1

(12)

For any i € {1,2,..., K — 1} and any j € {1,2,..., K — 1} such that i # j,

(AX)i; = ii0ij+ ai;j0; 5+ Skzij0i Ok,
11 1 1

= (E + E)(_er) + ij(l - ;) + Ek#@jg(—ﬂkﬂj)
LY Ty Ty

(=, T ™) + (7TK P ;) T ki, Tk
= 77Tj+ﬂ*ﬂ(lfﬂ'[()

TK TK

I (13)
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