A Proof of a determinant formula

1 Introduction

I will show the following formula.

Formula 1. Let n be a natural number and I, be n X n identity matrix and
z,y,u,v be n x 1 matrices. Then

det(I, + 2y +uv?) = 1+ yT2)(1 +0Tu) — (2Tv)(y"u)

2 A proof

2.1 Casel: u or v is zero

We use the following lemma.

Lemma 1. Let n be a natural number and I,, be n X n identity matriz and x,y
be n x 1 matrices. Then

det(I, + zyT) = (1 +yTx)

It is easy to show the above lemma by taking advantage of orthogonal matrix
Q= (a:,wl, ...,wn_l)T such that Qx = e; when |z| = 1.

2.2 Case2: zTu=0

We will show that Formulal is true when 27w = 0. By Lemmal, we can
assume = # 0,u # 0. Furthermore, we can assume |z| = |u| = 1 by taking
advantage of the equation zy? = ﬁ(my)T and w! = ﬁ(|u\v)T By Gram-

Schmit orthogonalization process theorem, we can get a orthogonal maxrix ) =
(@, U, w1, oy wp_2)T st Qr = €1, Qu = es. We define 3/ := Qy and v/ := Qu

_(1+wn Yo
and A := o, 1 roy) Then we get
det(I, + 2y” +uw?) = det(Q(I, + zy” +uv")QT)

= det(I, + ery/T + ev'T)

A .
= det
c (O(nQ),2 In2>

= detA
= (I4+y)(1+vy) —yav)



Furthermore, we get the following equation by definition of ¥’ and v'. We
get Formulal by the above equation and the following equation.

;) _ T 4 _ . .T, 1 _ T, 1 __ T
Y =2 Y)Y =U Y,V =T VU,V =U V

2.3 Case3: general case

We will show that Formulal is true in general. We can get a real number a s.t.
w = u — az is orthogonal to z. We get

zy” 4+ w” = 2(y + av)” + "
So, we can use the result of case2 to get

det(I, + zy” +w®) = det(I, + z(y + av)” +aw")
= 1+ (y+av)’z)1+078) — 2 vy +av)'a

We can easily get
1+ (y+av)Tz)1+0"a) —zTv(y +av) @ = (1+y ) (L +v" ) — (2T o) (y"w)

Consequently, we get Formulal is true in general.



